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‘1’]wj(x:tory  1 mmh{:  lJsiII~,
11 icrarclIy of oscillatory ModIIlcs

Nili7ad  llCIIIIy ‘Ibolilariall  aTId l’icrrc  JIaldi %

.lct l’r{,],tllsiorl IIalm]atory
(Yalif(,]]lia II,stitute c,f ‘JhlI]Iology

l’awlc],a, (}A 9110$)

Alw(I/ic.t. ‘In this diite,  the ]Ilc,st suucssful a])]) rmc}lcs  to Icalnillg  h a v e
lwct, cithct t h e  t)ack-],ro})a~,ati(,r)  m g,ladic~lt  dcscc]lt ]Ilcthd, Althou~,lI  very
pc,wcrfu]  on r e l a t i v e l y  si]ll])lc ]) IC)MCIIIS,  tllco]ctical anirlysis iiIId sil]lulatio]ls
s}Ic)w t}Iat these a])],roac}lcs I)rcak dr)wI[ a< soo II a< su{li[iclltly coIIIIIlcx  lIlolJ
lclIIs arc cmwidcrd. ‘lb cIvc]co]IIc  t h i s  fuhda]llc],tal  lilllitiitic,ll,  wc suF,gcst
a  hiuarchical  alId I[lodular  a]l])roach, dircclly  ins}fird fro]l] l)iological  hct -
Wc)rlis, whclcl  Iy a certain  dcp, Icc of sl[IIctu  Ic is i]ltrocluccd  ill the learning,
systcI II. ‘1’l\is a]~]~roacl~  is a]~]>lied to a si]ll]>lc cxa]]l]>le c)f t ra jectory lcar]li]lp,
of a scllii-figure ci~,ht. ‘1’IIc ideas  illvolvcd, IIOWCVCr)  cxtchd  illlIilcdiatdy  to
lnorc gchcral  co311]mtzrt}o]\al  ]> IOIJII IIS.

1 .  llltl’o(luc.ti(lll

IImr]li]]g is a fulldalilc]ltal  al)ility of hiolc,gical s~steIIIs. (Illclcrst,:illclillf: its I~rill-
cil)les i s  also key tcl t}lc dmigll  of itltelligctlt c]rc.rlits  aIId ccn]]]]utms.  ‘1{) t h i s
dak,  t.l Ic lIIost  successful al)llroacll to lcar)li)lg,  fro]])  aII c]lgi]lccri]lg stalldl)c)illl,
haq },cmI tile l)ack-j~rc)l)a~,aiioll rtl,},roacll[7]  c]r gradicllt  dcsceIIt a~)~)roacll. III this
frallmworli,  ill tllc course  of leanli]lg  frol]l cxzIIIIJ)lcw, tlIc jmrallmtcrs  of a ICarllillg
SyStelll,  Sllcll  W a ]Icwral IIctworli,  fire a d j u s t e d  illc.rclllcllt,ally  so a< tO c)l~tilili~,c
by grfidicvlt  dcscclIt a suit: il, ]c fll)lctio~l ltlca~urillg tlIr2 Jwrfc)rlliallcc  c)f tltc s y s
toll at aIIy givcrt t.ilrm. AltlIouglI  very pcnvcrful  CIII r e l a t ive ly  silll]llc ])rolkllw,
tltccmtical  analysis alId Silllllliitic)lls[ ~{,4] slIow that this al)}}rcmcll l)realcs dc)w’11 as
scmn as suflicic.lltly co III~Ikx  ~Irol~lcIIM aw cmisiderd. Gradimit  dcsccl It lcarliill~,
al)ljlicxl tc) all alllc)rljllcms  lcarlli]lg syskIII i s  hutId to ftiil. ‘Jb ovcrcc)llm  this
fuldrtllmltal lilllitatic)ll, wc fire su~,g,csiillg  a llicrarcllical  2rIId IIdlllrir al~l)rc)acll
wllcrcby d ccriaill  dc~rcc of structrlrc  is illtroduccxl ill tile lmrllilig syslcl II.

Cwisidcr tllc ~>rol)lc~l~  of ssl~tllcsi7i11~, a ]Imral  lictwork  cal)a})le of l,roducillp,
a c.crtriill give]) IIoll-trivia]  trfijcct,ory. ‘Jh fix  tllc idea<, wc call i]l]rip,i]lc  that t}lc

)Imdd ]]euro)ls  i]] tllc ]]ctworh satisfy t}lc IISNal  additive IIICKIC1  quatic)lls[h]

(1)

‘J’IIc lcarllillg tadc i s  tc) filId tlIc rif,l]t l)aralllctcr  valllr.w, SIICII as tllc syllal)t,ic
wciglks I/Jij, tllc cl]sir~,iil~, tilllc  COll Stallt S 7r’ Hlld tll C alll])lificrs wills, sc) tll~i ill~
out,])ut u]lits c)f tllc IIetwc)rlc  fc]llcnv  a ccrtail] IJrcscrihcd trajcctcmy  u“(i) c}ver  a
~,ivcll tillm itlterval [to, fl]. l~or illstallcc,  a ty~,ical lwltcllllmrk  t r a j ec to ry  ill tllc
litcwriturc is a circle cm a figure  cigllt. Networks suclI a< (1) IIavc lwclI succ.cssful]y

* and l)ivisim c)f IIic)logy, Califolllia lastitutc o f  ‘Jhhndogy.
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trai])d 011 fi~urc  cigllts  using, a for]])  of grtidic]lt  dcwc]lt  lcar]lillg  f o r  recurrent
Jlctworks[G,8]. Collsidcr  IIOW  tlIC ]Jrol)lelll of lcarlli]lg  a Ilmrc co][i])licatcd  tra.
jwtory, SUCII  as a doul)lc fi~,urc cigl)t.  AltfIoII~lI t}lc  t a s k  a])]wars  oIIly sli~,li(ly
]]mrc ccn]]]>licatcd,  sirImlaticnls s}Iow  t}Iat a fully  illtcrcc)ltllcc.tccl  set of u]lit.s will
]Iot  lW rrl)lc tc, lcar]l this task I)y ilicliscril[lill:ttc  gradic]lt  drwmlt  lrar]li]lg  011 rrll
of its ]Jatzr][wters.  ‘1’lIus a diflcrcllt  a])]~rwrc}} is rlmdcd.

2. hflod~lltlr IIicrtrrcllic.ttl A l)~)waclI

IIio]ogy scclIIs tc) lIavc clvcrcc,]]]c tl]e cIlmtaclcs i]]llcrc]lt to gradimlt  descc]lt lcarlI-
illg tl]rougl) cvolutiml. lmarllirlg  ill I)iological cwgallisllm is ]Icvcr  siartcd fro]ll a
ta))llla  rasa.  l{atllcr, a IIigl] dcgrm  c,f structure is alrcfidy },rcsmlt ill tile ]lcural
circuitry of ]Icwly born org,rrrliwlls. ‘J’liis  strut.tr]rc is gc]lctically  ctIcodcd .311cI tile
rcsu]tf c)f cwolu(iol)ary  til]licrillg  cwcr tit[lc scales several tillm lnrgcr tllall tllosc
o f  cc)lltillclltal dr i f t .  IJittlc  is kIIC)WII  of tllc illtcractioll  Iwtwcwl  tlIC })rcwircd
st, ructr]rc  aIICl t,]Ic ac(rlal ]carllirlg. OIIc rcaswlal)lc  llyj~otllmis  is that ccnnl~lcx
t a s k s  arc l)rokcvl u~) i]lto si]ll])ler  II ICXIIIICS  aIId tl)at learlli]lg;, })crllalw ill difl’er-
CIIt forllm, call olmrat,c  l)cAII  wit)lill  altcl ac.rcrss  IImdulm. ‘1’1112 lIIcxlulm ill turtl
CaII lw m-gallized ill a IIicrarcliica]  way, all tllc way u]) to tllc level of ]Iuclei c)r
Lrairi areas.  ‘llIc diflicult  })rohlclll tlIe]I h2ccMncs l~cw to fiIId a suit, al)]c ll-IOdII]C
(lccc)]l]])c)sit,ic)]l  aIId wllctllcv tl]crc  arc ally ])ri]lci])lcs for doing so. OIIC trick USCY1
I)! evolutio]l sr2cIIIs  ic) lInvc l)CCII lIIC du])licatic)]l,  l,y error, c)f a IIdulc hgct]lcr
wItlI  tllc sulmqumlt cvoluticnl  of mIc c)f tlIc cc)l~ies illt.o a IICW  II Iodulc  SC) II ICIIOW
cc)ll}l)lclllclltary  c)f tlIc first 611c. IIut, this is far frolli sicldillg  alIy uscfu]  ~)riIlci-
IJIC and ll-I:iy, at I)cst,, l)c USC(I  ill g,cl)ct,ic, t,yl)c c)f algc,rl[,}l]lls,  w,])crc c.volllt,ic,llary
tiltkcri]]g is ]I]ill]ic.keel ill tllc cc)]jl],uter.

We llavc take])  i]lsl)iratio]l fro]])  t)lcsc ideas, to tackle  tlIc j,rol~lc]n  of lcar]ii]lg
s])ccific COIII])]CX  trajcct,orics  ill a ]lcur-a] ]Ict,work.  A]t]lc)ug]l  it, is difficult at, t,]lis
s(, aF,C to kc.c]) a  close allalop)y wit.]] IIiology, it lIIay be useful  tc) t}lillk c,f t}lc
}Jrc)l)]clll  of ccllt,ra] l)att,crll gcltcrat,ioll  or IIlc)(,or  cc)lltrc)l ill llatura]  orgallisllls,  III
c)rdcr to co~ls(ruc.t  a llcural  ~mtwwk  ca}~ahlc clf ~Jrc~cluc.ill~  a double  figure eig)lt,
wc are goiIlg to i n t r o d u c e  a ccrt  ail] dcg; rcc of mg,a71izatioll  i]) tile systelll  l)rior
to ally ICfir}lillp;. ‘1’lIc  basic orgallizaticni  c)f tllc systcIII cc)llsists c)f a llicrarclly  c,f
lnmlulcs.  III this l)articu]ar  cxal  IIl~lc,  cacl I lIIcdI]lc call bc viewed essentially as
all oscillator. ‘J’lic II IC)CIUICS,  ill turllj rirc c)rgarlizcd ill a llicrarcllical  way. b tile
ti]lw bci])g, all tllc IIIcdulcs  withi]l  cme level of tlIe llicrarc.lly  control  tile outfjut
c)f tllc II Icdulcs lc]cat,cd itl tllc l)rcvic)us layer.

At tlIc Lcitmn of tlIc IIicrarclly,  ill tllc first lcvd, OIIC  fiIIds  a fa~llily c)f silll~)lc
allcl lmssil)ly illdcl)cl)clclltl lIIodulcs,  cticlI cmc c.cmrcs])c)]ldi]lg t.c~ a circ.rlit  with a
slllall  llullll~cr of ullit,s ca~)al)lc c}f ljrcduc.ij~f:  scnnc clcl IIcIIiary  t rajectory,  suc}I
as a sil]usoicla] oscillatic)ll. III tllc crr$c c)f tlIc a d d i t i v e  lIIcrdcl, tllcsc coNld  bc
silll])]c oscillator  rings wit,]]  two or tlIrcc ]Icurolls , Rli odd rlulJJ~cr  of i)illil)itcmy
collllcctimls  aiId suflic.icnltly  ]]igh  gaills[l  ,2]. ‘J YIus, ill our cxdl II])lc,  tllc first level
of tllc llicrarclly  could mlltaill fc)ur oscillatcm rings, OIIC for caclI lcm~I of tllc target
trajcctc)ry.  ‘J’IIc  l)ararndcrs ill eaclI C)IIC of tllcsc four  lIIcdules calI bc acljustd,
e . g . ,  l,y gradimit  desccllt,  ill c)rder to IIlatcll cxrclI OIIC c)f tllc lc)c)l)s ill tile target
trajcc.tory.

‘J’IIc SCCOIIC1  lCVCI c)f tllc ~)yrzrlllid shou]d c.or]tai]l  two control  II~c)clNlcs.  l;acll
OIIC  o f  tllcw II Icdulcs co]ltrcJs a distil]c.t ]mir of osci]latc]r  ]Ict, works  fro][l t,]lc
first lCVCI,  SC) tljat caclI co]ltrc)l  ]tct~vor-k  i]) tllc seccrIId ICVC1  mIds  111) j~roducitlg
a si]ll])lc fIgI,uTc ciglit  (SCC l“ig. l). A~,aill,  tllc co)ltro]  IIctworks ill lCVC1 two CaII
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lm osci]lhtor  rings  aI~d tl~cir lmralnctcrs  CaII bc a d j u s t e d .  II I  ]mrticulrir,  after
tlIc lcarjlillg  ])roccss  i s  CC)III])lCM, they slIould  h o~wratillg ill their  IIigll-gairl
rcgillms aIId l]avc a ])criod  qual  to tlic SIIIII  of tllc J)cricds of tile circuits mcli
OIIC  controls.

11’illally, the tllircl layer, cc)lwist of a)lot]lcr oscillatcwy  :LIICI adjustal)lc  IIIC)CIUIC
wllicll c.cmtro]s  the t w o  IIIodu  Jcs i]] tlIc SNOIICI  lCVCI SC) as to I)roducc  a clouh]c
figure eight. ‘1’IIc tllircl layer lIIodulc  IImst also clIcl uJ) oJwratiug  ill its high-gain
rcgilnc.  III gcllcral,  tllc final c)utJ)ut  trajectory is also a lilnit  cycle hec.ausc it is
obtaillcd  by stl])crilll])c~sitic)ll  of lill)it cycles ill tllc vdrious  InocJulcs. If tllc varic>us
oscillators relax to their lilnil  cycles iudc~w.lldclltdy  c~f cmc allotllcr,  it is cssclltial
h provide for acJjustal)lc dc]ays l,etwcc~i ihc various IIIoduJcs  ill order to get tlIc
proJ)cr  ]Iarllmlly  alliollg  t)lm various ]Jllascs, III tl~is way, a s]mrsc ]Iciwc)rk  wit}l
20 units or so call bc cc)llstruc.tcd wl)icll c.aII successfllJly cxcc.ute a doul.,]c figure
cigllt.

It is clear that this a])])rc~acll wllicll c.c))lhitlcs  a IImlular  lticrarcllical  arclli-
tcc.turc  iogcther  witJl SOIIIC siltl])lc for]]]  of lcarlliltg  call l)c cxtclldcd  to gcn]cral
t rajectories.  At tllc very lcmt, OIIC could always usc ]’oltricr analysis  tc) dc-
c.oIII]msc a t:irgct  trajcc.tory  illio a su])crilllJ)c)sition  of sinusoidal  oscillations of
diffcrcllt  frcqucnlcics  and use, ill tllc first lcvc] c)f tllc IIicrarclly,  a corrcsl)ollclitlg
large bal]k of oscillators ~)ctworks.  OIIC cou]d  also MC da)ll])cd c,scillators to J)cr-
fcn-in scnnc sort of wavc]ct  clccc)lll])c)si  tioli. Altllc)ugll wc Ilc.licvc that oscillators
with ]ilnit  cycles })rcscllt several attractive ]]ro]jcrtics  (stal)ility,  sllc)rt  l,rallsiellts,
l~iologic.al rc.lc.va!lcc...), ollc cal) ccnlc.civably usc colIq)lctcly diff’crcllt  circuits as
building  blocks in cac.11 IIIodulc.

1 ,aycr 3

l,aycr  2

Fig. 1: Syllholic rcl,rcsc~]tatioll  of a lldular al]d hierarchical IIctwork
for double figure eight.

‘1’lIc Imdular  hierarchical alll)roacli leads h arcllitcc.tures  wllic.11  arc lnorc
st,ruc,turccl t]lan fuJly intcrc.ollllect,d  l]ctworks, with a g;cl]cral fccdforward flow of
iltformatiol)  and sJ)arsc  rcc.urrmlt collllcctiolls  to achicwc dyllalnical  cfrcc.ts. ‘J’}Ic
sl)arsity  c)f units and colll)cxtiolls arc attractive features for IIardwarc dcsigtl;
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arid so is also the lnodu]ar  orgallizatio]l  and tlIc fact that lcarl)itlg  is IIIUClI lnorc
circulnscribed  than  in fully il[tcrcc)]l]]cc.tccl systcvIIs. IIowcwer,  fundallmlta] o~ml
])rol)]clns rmnaill ill the overall organization  of lcarIlillg acrc)ss lIIcdulcs and ill
the origin of the clcxolnl)osiliol].  III ~)articular, CaII the lnodular  arc]litccturc  l)c
tlIc outcol~m of a si]n])le.  i]ltcr]lal orga]lizatio])al ])roccss ratllcr  tlla]l  an cxtcrllal
i]]l})ositio]]  a]ld lIow slIould IC.arlli]tg lx coordinated ill ti]nc a]lcl across IIIOd  UlIX
(ot.llm thal]  tl]c ot)vious: lnodu]cs ill the first level lcartl first, IIIc)dules i]] (he
sccoIId level  second,...)? IIow successful is a global gradimlt  dcsccl,t  strategy
a~)~)liccl a c r o s s  ]nodulcs?  lIOW can tlic sa~nc ]ncdu]ar  arcllitcc.ture  hc used f o r
diflcmlt trajcctorics, with short switc]lilig tilllcs  bctwccll trajmtorics and ~~rolmr
l)llascs along each trajcc.tory?

~. ]I}xal Il])]c! of Numcricrrl Silllll]ati{Jl)S

‘.t’lIc IIC.W lcatnillg  }>aradigln, presented in tl~c ~lrcccclillg, scctiol}, has bccII al)l~licd
to tll]c ~~roblelll of IcarIlirlg  a fig,  urc eight trajectory. Results referring to this
])1-o],]cIII  can be found ill the litcraturc[G,8].

III this work wc assulned  that tllc clesircd trajectory of a scllli-figui-c cigl)t
is c.olnposcd  of two c.irclcs and givcw by:

l+ = CI [t!~o -1 Cos(i)]  -1 (1 - C’, )[y,  o - Cos(t)] (2[,)

1)2 = Cl [q) -{ sin(t)] -1 (1 - Cl)[ym  -1 sin(i)] (M)

ill w]lich C] is a square  wave with a Imriod  cJf4n, givml by t}lc fcJlcnvi  Ilg cquatic)]l;

and Zlo, 220, YIO, y20 are the cocmlitlates of tlm cclltcr  of the IQft allcl rig~lt circles
rcsl)cc.tivcly.  l’lottiltg  1~1 v s . l~z will ])rocluce tllc desired sc~ni-figure eight,  as
slIowIl iIl fig. 3.

‘J’hc basic  lnodulc  of the hierarchical a~)l)rc)acll for t}lis trajectory is a simJ)lc
oscillatory ri~tg ]Ictwork with four ncuro]ls. ‘J’lIc  ac.tivatiol] clyllalllics ofcacll  unit
ill tllc lnodulc  is givcni hy:

dtl~ tli
:-- ‘1 t{~i.11~.j i: 1 ,  . . . , 4

-(11 ?i
(4)

wl)cm Vo =. V~ ancl Vi is tltc Ollt])ut  of IIcuroll  i givcv) by;

AII odcl ]lulnlm ofin]libitory  conncctio]ls is rcquircxl fc)r stable oscillations (Atiya
and ]]aldi  1989). At this stage  for siIIll)licity, wc assulnc that ~[~i = w fcm r’ =
1,3,4, t{J2 : - UJ allcl Ti = 7,~i ~ yfor  1’ ~ 1,. . . , 4 .  ‘1’tlc ]IIOCIUIC is trailiecl
toprocll]cc ac.irclctllrough a sinusoidal waivcwit]lpcriod of2rr.  lollowil)gthc
ana]ysisi~l  Atiyaalld IIaldi  1989, thcillitial valucofthcnctwork  paralnctcrs, i.e.,
W)T and T aresct to OIIC at thcbcginnillgof  tllc learllillg~)roc.cd~lrc.  ‘J’o update
tlIc network paralnctcrs,  a gradient dcsccnt algoritl)tn  bared upoII the forward
~)rol)agation of tllccrror isuscd[9].  After the training,  t]]c network l)araInctcrs



c.ollvcrgc to tllc following  Va]UH, w . 1,025,  ?  = 0.972  allc] 7 : ].~~(’j.  }~i~,}[
these va]ucs, after a brief  transition per iod,  tJIc Inodu]c co]lvcrgcs  to a lirl)it
cyc.lc where cacll u]lit  has a quasi-sinusoidal ac.tivatioll. ‘J’}Ic ]Jllasc  sllifl  bctwccll
Lwoconsccutivcl lcurollsisat)ollt n/4. ‘J’llcrcforc,  ]jlottiIlg  tllcactivityofl )OllroIl
1 and 3 in tlIc ]IIodulc against cacll otl]cr  will ])roducc  a circle wllicll is CICEC to
tlIc dcsirconc asillustratccl ill Piz.  2.

A t  t.lIc scc.oIId ICVCI  of t,hc ll~crarchy  is tllc control  IIIodulc.  ‘] ’]lis IIIOCIUIC
is also C.] IOSCVI to bc a si~np]c oscillatory ring uctwork with four IIcuro)]s.  ‘Jllis
IIctwork  is o])crating  ill the hig}l gain rcgirnc and its pcriml is twice that of t,]lc
~~asicll~od~l]cs,i.c.,4n,  ']']lcl~ctwork],  araIIlclcrsatt ]lct,egiIllli~lgof  t]]clearlli~)g
arcsct to w= 0.9, ~= 1 0 ,  and 7 = 2.58.
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Fig. 2: l)csircxl circle  (sol id Iinc) allcl tl[c oIIc proclucccl by the basic.
lnodulci]l tllcfirst layer (CIMIICCI lil]c).
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l“ig. 3: lksircxl  scv]]i.figure cig},t (solid line) and t}lcone proclucccl by
tllcllctwork (dasllccl lillc).



‘J’]Ic  cwcrall  llctwc)rk lIas two c,ut])ut, at, any til]m, Z] aIId Zz. ‘J’llcir va lue  i s
givcll I)y:

ZI = 0.5{[1 -1 vc(l)] [2]0 -1 VNI(I)] - 1  [ 1  -  VC(I)] [?J1O - 1  VN1(3)]}  (h)

X2 : 0 . 5 { [ 1  -1 Vc(l)] [w -1 Vm(l)] -1 [1 - VC(l)] [!/20 -1 vN2(3)]} (Gb)

ill wllicll VNI (i) aIId VfV2(i)  arc tlIc cJutI)ut c~f ith IIcuron ill tlIc first alId sccOIId
IImclulcs  ill tlIc first, lcwcl c)f tllc l]icrarcly,  rcs])cctivcly, wlIcrc VC(I ) is tlIe crut})ut
c)f tJIc first IIcurol) ill tlIc c.oll!rc)l  IIIOCIUIC.  Figllrc  4 SIIC)WS tlIc scnlli-figure eight
ol)taillcd lw ])lotti]l~, XI v s .  Z~.

4 .  (;ollc.lusiml
III cc)]lc.lusic)ll, a IICW IIierarcllical  a]l])rc)acll f’c)r  suljcrviscxl IIcural  lcartlillg  of (Iilm
dcl)cl]dcllt  trajcc.tories is ]Jrcsclltcd. ‘J’lIc  IJlcdular liicrarcllical  IIIctlIodology  leads
to arcllitccturcs wliicll a r c  II)orc strac.turcd  tllall  fully ilitcrc.c)llllcc.tccl IIctworks,
wit]]  a gplcr:il  fccdforward  flow of illfcml]mtioli  rrl Id s])arsc  r~c~lrr~llt ~ollll~cti~~ls
tc) acllicwc dyllalnical  cflcc.ts. ‘J’IIc s}larsit~ of tllc ccnlllcctiolls as well as tllc
lnc)dulfir  c)rgallization  lnakm  tllc IIardwarc lll]~~lclllclltaticlll  of tllc lnctllodology
very easy aIICl attractive. ‘J’llis a]~])roacll lIas lmcII a]~]llicd to all cxaln})lc c)f
Lrajcctory lcmrllill~ of a scllli-figarc Ciglit.

A ckl){)wl[!(l~]]]cl)ts
‘1’l}is rcscarcll  was c.arricd  out at tllc Cc)ltcr  for S])acc Microclctrollic.s  ‘lbcll-

IIolc,gy, Jet l’rol,ulsio]l  l,al,c)ratcmy, Califor]lia  IIlst,itutc of ‘J’ccllllcdoph!r  ulldcr colI-
tract with tlIc National  Acrcnlautics  and Sl)acc A~llllillstratic)l).
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